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Abstract

Consider the classical coupon-collector’s problem in which items of m distinct types
arrive in sequence. An arriving item is installed in system i > 1 if i is the smallest index
such that system i does not contain an item of the arrival’s type. We study the expected
number of items in system j at the moment when system 1 first contains an item of each

type.
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1. Introduction

Consider the classical coupon-collector’s problem with m distinct types of items. The items
arrive in sequence, with the types of the successive items being independent random variables
that are each equal to k with probability px, > ;—; px = 1. An arriving item is installed in
system i > 1ifi is the smallest index such that system i does not contain an item of the arrival’s
type. Let U ;" Jj = 2, denote the number of unfilled types in system j when system 1 first
contains an item of each type. Foata et al. [2] and Foata and Zeilberger [1], using nonelementary
mathematics, obtained recursive formulae and generating functions for E[U J’."] for the equally
likely case, where py = 1/m. In Section 2 we derive, using basic probability, the recursion and
a closed-form expression for E[U j’."] for the equally likely case. The general case is considered
in Section 3 where an exact expression and bounds for E[U ]’" ] are determined. Comments
concerning computation, as well as a simulation approach, are also presented in Section 3.

2. The equally likely case

Assume, in this section, that all py = 1/m. Furthermore, assume that the problem ends
when system 1 has one item of each type, and let A']‘. denote the event that at least j type-k
coupons have arrived. With 1(A) denoting the indicator variable for the event A,

Ur = Z[l —1(4%)).

k=1
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Thus,

E[UT] =) _[1 — P(A})]
k=1
=m[1 - P(A7)]. (1)

Let B;.'"i denote the event that at least j type-m coupons arrive before the first coupon of

type i arrives. Then
m—1
my _
P(AT) = P(U B;!j,.)
i=1

and the inclusion—exclusion probability equality give (for j > 2)

m—1
k+1 m
P =S T v, a
k=1

iy <ip<---<liy

—1 H
=3:PD“'m_l Ly
P k k+1/)
Using (1), this gives the following result.
Propeosition 1. For j > 2,

m (_1)i+l

m m
E[Uj]=Z<i) -1

i=]

Next, using basic probability arguments, we obtain a recursive expression for E[U ;"] that
was first presented in [1] and [2]. Let Cf be the event that at least j type-k coupons have already
arrived at the moment when each of the item types 1, ..., k — 1 has arrived. Also, let X* be the
number of types 1, ..., k — 1 that have not yet arrived when the first coupon of type k arrives.
With P¥ = P(C’), we obtain that

k—1
PE=>"P(C | x* =nP(xt=1)
r=0
k
1 +1
Pl

—1

k
r=0
k

:%ZP;_], )

r=1

where Pf = (k — 1)/kfork =1,2,....
Substituting A’;’ = C;." for j > 2 into (1) gives

BUM =mll = P!, jz2. 3)

Thus, using (2) and (3), we obtain that

Tr—-1 &
E[UM =m — =) -
[2] " r=I1 r /;k
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and, for j > 3,

m
E[UT]=m—Y P,
k=1

m E[U*_,]
— j-1
=m-— Z(l - X )
k=1
" E[US_]
k=1 k
We have thus proven the following.
Proposition 2. We have
m
1
EUy1=) p
k=1
and, for j > 3,
m E[UX_|]
B =) — C
k=1

Remark 1. Equating the two expressions for E[U j’."] given by Propositions 1 and 2 yields an
explicit expression for the hyperharmonic number, which is defined in [2] by the recursive
formula given in Proposition 2.

3. The general case: Poissonization

In the general case, we suppose that each item is of type k with probability px, Y ,—; px = 1.
To analyze this case, let us start by assuming that, rather than stopping when system 1 is filled,
items continue coming forever. Suppose also that successive items arrive at times distributed
according to a Poisson process with rate 1. Under this scenario, the arrival processes of the
distinct types are independent Poisson processes, with respective rates px, k = 1,...,m.
Because 1 —P(A*) denotes the probability that there have been less than j type-k arrivals when
system 1 becomes full, we obtain upon conditioning on the arrival time of the jth item of type k
that

o] Jj—1

1- P(A’]‘.) = f pke“”"x(—p—,ki)— l_[(l — e P*)dx, Jj=2. (€))
0 G-D'; o

The expected number of unfilled slots in system j is now obtained from

E[UT1=) [1-P@b),  j=z2. ®)
k=1

The following lemma will be used to obtain bounds on E[U I’."].

Lemma 1. For positive values x;, [];_,(1 — e™*) is a Schur concave function of y =
15 - - -5 Yr), where y; = In(x;).



516 I. ADLER ET AL.

Proof. With y = In(x),
d
5;(1 —e ) =xe "
Because In(x) in increasing in x, by the Ostrowski condition for Schur concavity (see [3]) it
suffices to show that
xie (1 —e™) > xe (1 —e™) ifx; < x.
But this inequality follows because xe™ /(1 — e™) is a decreasing function of x.

Lower and upper bounds on E[U;"], fairly tight for values of (pi, p2,.... pm) close to

(1/m,1/m, ..., 1/m), can be obtained from the inequalities
(1=t <[] —e™ ) < (1 —e7sy" !, (6)
ik

where my = min; «{p;} and gx = (ﬂi#k pi)V/"=1)_That is, g is the geometric mean of the
values p; for i # k. The second inequality of (6) follows from Lemma 1.
We obtain from (4) and (6) that

—pex Pe) !
]

m—1 o i—
=2 (m . l)(ﬂ)' / pre—mtpos POy
r 0 (- D!
) (m . l)(ﬂ)'(_pk )j / T ree G0
r rgk +pe/) Jo (- D!

_ J
()
r rgr + pk

where A = rg; + px. Substituting the preceding inequality into (5) and considering both
inequalities of (6) gives

m—1 m i m—1 m i
-1 E[U" -1 :
r=o( . )( )k:](rmHPk <E[ ,1sr=0 ) )k=l ——
N

We will now derive a second set of lower and upper bounds for E[U ;"]. Let va ; denote the
event that at least j coupons of type k arrive before the first of type i arrives. Then, using the
conditional expectation inequality (Proposition 3.2.3 of [S]), we obtain that

P(A%) = P(U Bj{,.)

o
1 —P(A)) 5/ pke (1 — e &xyn=T gy
0

~
Il
==}

3

I
Ny

(=]

~

3

~
S

ik
= P&, ®
B ik 1+ Zr;éi,k P(Bf,r ! Bf,i)
-y (pr/(pk + P))’ ©)

S+ 2 i P+ P/ (Pr+ i+ P
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where (8) follows from the conditional expectation inequality and (9) from

k k
P(B%, B )
P(Bj{i)

_ (/i +pi+ pr))
(pe/(px + pz)){'

_( Pk + pi )]
p+pi+p)

Therefore, we obtain our second upper bound for E[U}"] = Yol - P(A’]‘.)]:

k k
P(Bj,r I B],i) =

“ (pe/(Px + pi))’
m < m— : N 10
U =m ;; T %, g e+ P /o F 91+ 1) (1

To obtain a lower bound, let X; denote the time of the first type-i event, and let T* denote
the time of the jth type-k event in the Poissonization scheme (which results in T;‘ and X; for
i # k being independent). Then, from (4),

1—P(ak) = E[]"[(l - e""'Tf)].
ik
Using the well-known result that E[ f(X)g(X)] > E[f(X)]E[g(X)] whenever f and g are

increasing functions [4, p. 339], which easily generalizes to the product of any number of
positive increasing functions, the preceding equation yields that

1 - P44 =[] B0 —e7T]
ik
=[]raf > xi)
i#k
=[]0 -Paf < xil
ik

=H[1 - (pil-):pk)j:’

i#k

Thus, we have the lower bound

E[U;"]zi]"[[l—( P )r. an

k=1i%k Pi + Pk

Remark 2. (i) Our computational experiments verify that the bounds given in (7) work well
for probabilities p; which are roughly the same, while the bounds given in (10) and (11) are
tighter otherwise.

(ii) For the equal-probabilities case, the explicit expression for E[U ;"] of Proposition 1 is faster
to compute than the recursive expression of Proposition 2. However, for large m (say m > 150),
the explicit expression (but not the recursive one) is computationally unstable.
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(iii) For very large m, simulation can be employed to efficiently estimate E[U 1. The following
simulation approach estimates 1 — P(A") by a conditional expectation estlmator that conditions
on the arrival time of the jth item of type k; the estimator is then further improved by the use
of antithetic variables.

e Generate random numbers Uy, ..., U;;

o let Ly = In([T/_, Ui) and Ly = In([T_, (1 — U));

e set

V= %i[n(l _epili/pey 4 1—[(1 _ ePiLZ/Pk)]_

k=1L izk i#k

The preceding should be repeated many times, with the estimator of E[U "’] being the average
of the values of V obtained.

References

[1] Foata,D. AND ZEILBERGER, D. (2002). The collector’s brotherhood problem using the Newman—Shepp symbolic
method. To appear in Algebra Uniyv.

[2] Foata, D., Guo-Niu, H. AND Lass, B. (2001). Les nombres hyperharmonique et la fratrie du collectionneur de
vignettes. Sem. Lothar. Combinatoire 47, B47a (electronic).

[3] MARSHALL, A. W. AND OLKIN, L. (1979). Inequalities: Theory of Majorization and Its Applications (Math. Sci.
Eng. 143). Academic Press, New York.

[4] Ross, S. M. (1996). Stochastic Processes, 2nd edn. John Wiley, New York.

[5] Ross, S. M. (2002). Probability Models for Computer Science. Academic Press, New York.



	Article Contents
	p. 513
	p. 514
	p. 515
	p. 516
	p. 517
	p. 518

	Issue Table of Contents
	Journal of Applied Probability, Vol. 40, No. 2 (Jun., 2003), pp. 273-526
	Front Matter
	Accurate Bounds for the Asymptotic Constant in a Statistical Multiplexer with Homogeneous Generalized Binary Markov Sources [pp.  273 - 292]
	On Stability of Queueing Networks with Job Deadlines [pp.  293 - 304]
	Polling Systems with Periodic Server Routeing in Heavy Traffic: Distribution of the Delay [pp.  305 - 326]
	Zero-Sum Games for Continuous-Time Markov Chains with Unbounded Transition and Average Payoff Rates [pp.  327 - 345]
	On Exact and Large Deviation Approximation for the Distribution of the Longest Run in a Sequence of Two-State Markov Dependent Trials [pp.  346 - 360]
	Stochastic Ordering for Continuous-Time Processes [pp.  361 - 375]
	Poisson Approximation of Multivariate Poisson Mixtures [pp.  376 - 390]
	Precise Large Deviations for the Prospective-Loss Process [pp.  391 - 400]
	Urn Models and Differential Algebraic Equations [pp.  401 - 412]
	An Exponential Functional of Random Walks [pp.  413 - 426]
	An Improved Approximation for Assessing the Statistical Significance of Molecular Sequence Features [pp.  427 - 441]
	Solution of Jump Parameter Systems of Differential and Difference Equations with Semi-Markov Coefficients [pp.  442 - 454]
	On the Uniform Ergodicity of Markov Processes of Order 2 [pp.  455 - 472]
	Preservation of Generalized Bathtub-Shaped Functions [pp.  473 - 484]
	Mixtures of Distributions with Increasing Linear Failure Rates [pp.  485 - 504]
	Short Communications
	Haplotypes: The Joint Distribution of Alleles at Linked Loci [pp.  505 - 512]
	The Coupon-Collector's Problem Revisited [pp.  513 - 518]
	Average Cost under the P<sub>λ, τ</sub><sup>M</sup> Policy in a Finite Dam with Compound Poisson Inputs [pp.  519 - 526]

	Back Matter





