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Abstract An investment project is a vector a = (a,, a;,

.~ ., @, of payments over time,

where a payment is made to or by the investor according to whether a; is positive or
negative. It is assumed that the investor can initiate investment a at any desired
non-negative level at any period. An investment permits arbitrage if it is possible by
investing suitably, without ever introducing money from the outside, to have a positive
amount of money after a finite number of periods at which all investment projects have
been completed. Simple sufficient conditions, in terms of linear functions on the
elements of a, are provided for a given investment to permit arbitrage. The provided
conditions are ‘constructive’ in the sense that they provide the investor with guidelines
of how to achieve an arbitrage whenever one is identified. The conditions are also
specialised for the more realistic case in which the investor is faced with a ‘take it or

leave it’ decision in each period.
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Introduction

This paper deals with the situation of an
agent, or investor, who 1s able to choose
from a given set of riskless financial
actions, for example, saving and/or
borrowing at sonie given interest rate, or
taking out a loan which is to be paid off
over a specified number of periods, etc.
In fact, it will consider the most general
such action, given by any vector a = (a,,
a, ..., 4,), where the entry g, is the
payment or cash flow in period i. A

positive cash flow is a payment to the
investor, a negative flow is a payment by
the investor. We call any such cash flow
vector a riskless investment project. We
shall assume, without loss of generality,
that a, ¥ 0.

Given an investment a, we shall also
assume that the investor is allowed to
initiate the investment at any desired
non-negative level x, at any period t = 0,
1, ... (think of x, as the number of
‘shares’ of a4 acquired by the investor in
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period 7). We shall denote by = (2. =,
v Ty) the cash balance vector
resulting from starting invesement a at
). By direct
computanion we see thae

fevels v = (v, v,

A .

2oy, fi=000
SNl
Sy =g N F i, S Y

RS iti=n+1.....p (b

RN S A
iti=p+1, .0 p+u

where 5, = 2/,

Given an inital amount of money and
a time horizon T" (that is, the latest
period m which an investment can be
started), the most obvious problem tor
the investor is to choose imvestment
levels (v, in the preceding expression) so
as to maximise the cash at hand in
period T+ n. The key tact being that
payments to the mnvestor from one
project can be used to make payments
into another while maintaining a
non-negative cash balance (the =) at the
end of each period. A more desirous
goal is to achieve arbitrage. That is, by
investing suitably, and without cver
introducing money from .the outside, to
have a positive amount of money after a
tinite number of periods at which all
investiment projects have been
completed. Thus,

Definition We say that a permits
arbitrage it there exists a positive integer
p and a non-negative x = (x,, x, ...,
x,). such that 2, as detined by equation
(1), sadisties == 0 and Zpen > O

Note that if an investment permits
arbitrage it is possible to get ‘something
for nothing’. An interesting problem,
which is the focus of this paper, is to be
able (by applying simple calculations) to
identity whether a given investment
permits arbitrage when it is not erivially
apparent, as in the preceding example.

Conditions for arbitrage in investment selections

We also provide an easv to calculate
procedure to construct the proper
investiment levels needed to achieve
arbitrage whenever the necessary
conditions are satistied.

In Cantor and Lippman (1983) and
Adler and Gale (1997) it was proven
that an vestment ¢ permits arbitrage
if. and only if. the present value of a
15 posttive for all non-negative interest
rates (that is. 2%, a1 + A7 >0 for all
r=0). (If negative investments are also
allowed then the preceding resule staces
that cither there is an interest rate that
makes all tvestments fair — in the

present value sense or clse there is
an arbitrage; this should be contrasted
with the usual arbitrage theorem —
see Ross (2002) — which states that
either there is a probability vector that
makes all bets fair or else there is an
arbitrage.) In a sense, this condition
makes o protitable regardless of what
mterest rate 15 used in its evaluation so
we call it a ‘sure bet’ project. On the
other hand, Prate (1979) and Adler and
Ross (2001) presented simple to
calculate suthicient conditons for a
given polynomial to be positive in the
unit mterval. Combining these results
lead to suthicient conditions for
arbitrage in terms of simple linear
These
conditions, as well as new onecs, are
presented in the next section by using
directly the detinition for arbitrage.
They are then specialised for the case
in which the investment decision

functions of the clements of a.

vector v is binary, thus restricting the
mvestor to a ‘take it or leave it
decision in cach period.

Sufficient conditions for
arbitrage

From the definition of arbitrage it is
clear that unless a, as well as 27, 4, are
positive no arbitrage is possible.
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Moreover, given that a,>0 and
observing equation (1) it is apparent that
it is possible to maintain non-negative
cash balances by simply initiating in each
period investment 4 at a sufficiently large
level. Once the last investment is
initiated, however, it is still required to
have non-negative cash balances in the
next n periods by hopefully accumulating
enough cash in the previous periods.
Two set of sufficient conditions that
allow the construction of a cash balance
that can be sustained in the last n periods
are presented below.

The following sufficient conditions for
arbitrage can be inferred by combining
results in Cantor and Lippman (1983)
and Adler and Gale (1997) (where it was
proven that a project 4 admits arbitrage
if, and only if, the present value of a 1s
positive for all non-negative interest
rates) and the results of Pratt (1979) and
Adler and Ross (2001) (where it was
proven that the sufficient conditions
depicted in the following theorem are
sufficient for a polynomial to be positive
in the unit interval). While the existing
proofs (as explained above) show the
existence of arbitrage indirectly, the proof
below is based on explicitly
demonstrating how, given the sufficient
conditions are satisfied, to construct an
investment plan leading to arbitrage.

Theorem 1 If s,>0 and for some

m =0, 1, ... the following conditions
hold:
] + J
2 (m J) s, =0 for al i =0, ..., n
=0 m ’ (2)
" + :
E (t IJ) 5 =0 forall t=0, ..., m
. ©)

then a permits arbitrage.

Prabf Consider x, = (0) G=0.1, ...,
il 28 ). Then by equation )

M L T R N AU S A W

the resulting cash balance z; i=0,1,
., ntp)is

{ & + f

Es,.__,.("’ J) ifi=0, ...,

e m

i (m A+ d m+j
+ ..

EC )

fi=n+1i,..,p

j—tt—1 + R ) +
Sy
m m

=0 J=ien

\ ifi=p+1,...p+n

We shall show that for sufficiently large
p, 2. =0 for Al i=0,1, ...,pt+n

1. For 0=<i=<n, z;=0 by equation (2).

2. For n+ I'=i=<p, since s5,>0 it 1s
enough to prove that e
= (. We now use mathematical

induction on i+t to prove that

H(i, )= 2 s,._.,.(’ J:J) >0

Jj=imn
foral =i 0=t=m

By equation (3), H(4, =.0 for t=0,
i=n)and (i =n, 0=.t=<m), so in
particular for i+ =n as well.
Suppose that H(i, f) =.for i + 1= k
(k=n) and let i+t=k+1.
Then, by noting that
(*y = (T4 + (777, we obtain

H(,f) = H(i,r— 1)+ Hi—1,§=0

3. Forp+]si5p+n,

=, S" (m +J)
m

=0

. m+
+ min {So, 51, + - s,,}( p) 1"

m
_ (m+1l+p—an
Sﬂ "1+]

) m+
+ min {S(),Sh ey Su}( # p)"
1
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where the preceding used the identity
5 =28y which follows by

et

noting that (*,”) 1s the number of subsets
of size m+ | of clements 1, ..,

m -+ k+ 1 whose largest numbered
member is m+j+ 1.

Observing that for tixed # and m,

m+p
! 1 .
1" |
(HI+ I +p—n) P

mt ol

and s,> 0 we get that 7; =0 for
sutficiently large p. Finally,
Zpen = 8, 200 ("07) >0 since s, > 0.
Remark Thceorem | raises the following
question. Given a, is it possible to
determine in finite time that there exists
no m =0, 1, ... saustying cquations (2)
and (3). A partial answer to the
preceding question can be clearly
mterred from observing (2) and (3),
namely that if there exists a positive
integer 1 such that (2) is not satistied
for any m=rand ZV, ('})s,, <0
then there exist no m satistying (2)
and (3). ’

Next, we present new suthicient
conditions for arbitrage.

Theorem 2 If 5, >0 and there cxists
NON-ZCro NON-NCgAtIve 1 = (14, ..., 117,)
such that

2' S =0
=

foralti=0, ...,

and
My I N Sy - S
g S + Sy Sy + So N3
Py S + S Sy + S R Sy + S

then a permits arbitrage.

Conditions for arbitrage in investment selections

Proof Let o(j) = jmodn -+ 1 and
consider x; = 1w, (=0, ..., p) where
p = r(n+ 1) for some r> 0.

Then by (1) the resulting cash balance
L 0=01, .o ntpyas

(S0 s, GFi=0.1 ... ¢
sk = D4, +
(where i = k(n+ 1)+ 1)
iti=n+1t, ..., P
sr= D w + 20 s,
iwti=p+1,..,p+n

Note that

l.For 0=i=n, z;=0 by (4).

.Forn+1=i=p, =0 by (5 and

> 0.

A Forp+lI=i=sp+u ivis clear that
since 5, >0 and wF 0, 1,20 and
Zp0n > O for suthiciently large p.

19

siee s

Simce conditions (4) and (5) are
composed of linear inequalities, it is a
simple matter to determine whether a
given o does or does not satisty them. In
fact, by using the well-known Farkas
Lemma or any of its derivatives (see
section 6.2 1 Dantzig, 1963) we have,

Theorem 3 There exists no non-zero
non-negative w = (i, ..., w,) satistying
#) and (5) it, and only if, there exist
non-negatve y = (yo, ..., y,) and

= (i, ..., 1) such that

"

i1
.V, ! yl + (Su + S, I) :I + 2 .\'”_, ”I < 0

! )

foralt i=0, ..., n (6)

5 1y,
82 )
= )
Su + S “I” 3
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Note that most standard methods used to
solve a system of linear inequalities will
provide either a solution to (4) and (5)
(if one exists) or alternatively, a solution
to (6) which can be used as a certificate
that no solution to (4) and (5) exists (see
Example 1.1(c) below).

Arbitrage with binary
investments

In this section we consider the case in
which in each period the investor is
faced with a ‘take it or leave it’ decision.
That is, in each period the investor
either initiates the cash flow a ‘as is’
without any scaling or not at all.
Mathematically the investment decision is
restricted to binary values (O or 1) which
lead to the following modified definition.

Definition We say that a permits binary
arbitrage if there exists a positive integer
p and a binary x = (x,, ..., x,) such that
z, as defined by (1) satisfies z =0 and
Zprn > 0.

Unlike the regular case, the requirement
for binary investment decisions does not
allow one to maintain a non-negative
cash balance in each period by initiating
investment a at a sufficiently large level.
Thus we can construct the following
simple necessary conditions for binary
arbitrage.

Theorem 4 If a admits binary arbitrage
then s, >0 and there exists non-zero
binary x = (xy, ..., x,) such that 2|,
sixi=0, forall i=0, ..., n

=y

Proof Suppose (x, ..., x,) is a vector
demonstrating that a admits binary
arbitrage. Then, considering (1) and the
definition of binary arbitrage, z, = EJ';(.,
s-x, = 0, for all 0 =i=n. Moreover,
Zpow = 5,20, x,> 0 which establishes the
necessity of s, > 0.

Theorem 5 If 5,> 0 and there exists

non-zero binary w = (w,, ..., w,) such
that 2., si; x;=0 forall i =0, ..., n
and

E N S, . o 5
st sy s, s ... S3 5
Sn + Su Sn + Sp=1 S + 5 SII + S0
wy,
U,
=0

u)"
then a permits arbitrage.

The proof follows directly from the
proof of Theorem 2 by replacing the
requirement that x is non-negative with
the requirement that it is binary.

Corollary 1 If 5,>0 and 2., 5,20 for
all i =0, ..., n then a admits binary
arbitrage.

Proof Follows directly from» Theorem 5
by substituting w, =1 for i =0, ..., n.

Note that the preceding corollary,
together with Theorem 4 implies that its
conditions are necessary and sufficient for
obtaining arbitrage by initiating a each
period within finite horizon. In the next
section we demonstrate that it is possible
to obtain binary arbitrage even if the
conditions of Corollary 1 fail.

Examples

We present here a few simple examples
to demonstrate the conditions obtained
in the previous sections. Note that the
proofs of the sufficient conditions for
arbitrage are constructive, in the sense
that whenever the conditions are
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satistied, the proofs suggest casily
constructed mmvestment plans that obtains
arbitrage 1 a finite number ot periods.
Morcover, any of the sutticient
conditions given above, whenever
satistied, provides an assurance that the

project 1s a sure bet’.

Example 1
Constder @ = (3, =0, 1, =8, as).
loas = 21,

(a) « admits arbitrage
(cg v = (7,7.11.38.43.50.147.100)
achicves arbitrage).

() The conditions of Theorem | fail
since 27, 55, = — | (see the
remark following Theorem | and
consider 1 = 0},

(¢) The conditions of Theorem 2 tail
(sce Theorem 2 and consider
y = (0, 0, 0, 149, 67) and 1 = (0,
27, 47, 13 ,0)).

.3. s = 3“,
(1) The conditions of Theorem 1 tail
since 27, (1) s, = — 3 (see the

remark following Theorem | and
consider r = 1).

(b) The conditions ot Theorem 2 are
satistied (consider w = (78, 78,
130, 443, 270). In fact, x = w
achieves arbitrage.

3. us = 37,

(1) The conditons of Theorem |oare
satishied for m = 4. In fact, v = (1,
4, 10, 20, 35, 56, 34) achieves
arbitrage.

(b) Since this example is the sanie as
the preceding one with more cash
generated i period 5, it is clear
that the same w as in the
preceding example satisties the
conditions of Theorem 2 and the

same v achieves arbitrage.

Example 2

Consider a = (1, 2, -+, —4, 8). It can be
casily checked that the conditions of
Theorem 4 cannot be satistied, thus a

Conditions for arbitrage m mvestiment oloctions

permits no binary arbitrage, but can

obtain non-binary arbitrage. b
Example 3 g
Consider a = (1., 3. =5, —4, 8). Since H
X! s, = — 1, it is impossible to obtain t

binary arbitrage by initiating a at periods
1.2, ... Howeverow= (1,0, 1, 1, 1)
satisties the conditions ot Theorem 5,
thus ensuring a binary arbitrage. In face,
woatself leads to arbitrage in five periods.
That is, inttating ¢ in periods 13, 4
and 3 naintains non-negative cash
balance with a protic of 12 at the end of
period 5.

Remarks

In Example | we demonstrate that for an
investment project that admits arbitrage,
it is possible that both, none, or the
second of the conditions depicted in
Theorems | and 2 are satistied. We were
not able to construct an example in
which the conditions of Theorem | are
satisticd while those of Theorem 2 fail.
Nonetheless we conjecture that such an
example exists.

The conditons for arbitrage that were
developed in Cantor and Lippman (1983)
and Adler and Gale (1997) can be
applied to the case in which transter of
surplus cash between consecutive periods
is not allowed. In this case, the necessary
and suthicient condition for a given
investment project a admitting arbitrage
is that the present value of a is positive
for all interest rates (positive as well as
negative). We note that all the conditions
developed in our paper can be
straightforwardly moditied for this case
by replacing the cash balance equation
(1) with

Sy, Ei=000 oo n
L= g,y Wi=at 1o 0p
Sy bi=p+lopta
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and then modify all the results and
proofs accordingly.

Several papers (such as Pratt, 1979;
Adler and Ross, 2001) developed
conditions under which a given
polynomial has no roots in the unit
interval. While our focus is on arbitrage,
it is clear that, considering Cantor and
Lippman (1983) and Adler and Gale
(1997), the results developed in the
section ‘Sufficient conditions for
arbitrage’, can be viewed as sufficient
conditions for a given polynomial to
have no roots in the unit interval.
Moreover, considering the preceding
remark, one can easily extend our results
to develop sufficient conditions for a
given polynomial to have no positive
roots.
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